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A quasigroup is an ordered pair (Q, .), where Q is a set and (.) is a binary operation on Q 
such that the equations M = b and ya = b are uniquely solvable for every pair of elements a, b 
in Q. It is well-known that the multiplication table of a quasigroup defines a Latin square, and 
to each quasigroup are associated six (not necessarily distinct) conjugate quasigroups. The 
spectrum of the two-variable quasigroup identity u(x, y) = u(x, y) is the set of all integers n 
such that there exists a quasigroup of order n satisfying the identity u(x, y) = v(x, y). Trevor 
Evans has provided a collection of two-variable quasigroup identities, which imply that two 
conjugates are orthogonal and which are conjugate-equivalent to “short conjugate-orthogonal 
identities”. These identities include the familiar Stein identity, x(xy) = yx, which has been 
given a considerable amount of attention. Apart from being associated with conjugate 
orthogonal Latin squares, some of the identities have been used in the description of other 
types of combinatorial designs, such as BIBDs, Mendelsohn designs, certain classes of graphs, 
and orthogonal arrays with interesting conjugacy properties. We shall briefly survey the known 
results and in some cases we present new results concerning the spectra of the short 
conjugate-orthogonal identities, which have not been previously investigated. The emphasis 
will be on the constructions and uses of pairwise balanced designs (PBDs) and related 
combinatorial structures. 
1. Introduction 
A quasigroup is an ordered pair (Q, e), where Q is a set and (e) is a binary 
operation on Q such that the equations ax = b and ya = b are uniquely solvable 
for every pair of elements a, b in Q. It is fairly well-known (see, for example, 
[24]) that the multiplication table of a quasigroup defines a Latin square, that is, a 
Latin square can be considered as the multiplication table of a quasigroup with 
the headline and sideline removed. We shall be concerned mainly with finite 
quasigroups (Latin squares). A quasigroup (Q, .) is called idempotent if the 
identity x2 = x holds for all x in Q. 
The spectrum of the two-variable quasigroup identity U(X, y) = V(X, y) is the set 
of all integers n such that there exists a quasigroup of order n satisfying the 
identity u(x, y) = V(X, y). It is particularly useful to study the spectrum of certain 
two-variable quasigroup identities, since such identities are quite often in- 
strumental in the construction or algebraic description of combinatorial designs. 
For example, it is well-known (see [22]) that an idempotent totally symmetric 
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qu~igroup (Q, *I ( commonly called a Steiner quasigroup), {x’ = x, x(xy) = y, 
(xy)y = x}, corresponds to a Steiner triple system, where {x, y, z} is a triple if and 
only if x * y = z, where x, y, z are distinct and x2 =x for all X. Similarly, an 
idempotent semkymmetric quasigroup (Q, a), {x2 =x, (xy)x = y, x(yx) = y}, 
corresponds to a Mendelsohn triple system (see [52]), with (x, y, z) as a cyclically 
ordered triple if and only if x . y = z, where X, y, z are distinct and x2 =x for all 
X. A quasigroup (Q, a) satisfying both the Stein identity, x(xy) =yx, and the 
Schriider identity, (xy)(yx) =x, corresponds to a (2, 4)-Steiner system, the 
blocks of size 4 being the 2-generator subquasigroups (see [66]). Indeed, most of 
the two-variable identities, which we shall investigate in this paper, have been 
used in the description and construction of combinatorial structures, such as 
(2, k)-Steiner systems, Mendelsohn designs, certain classes of graphs, Latin 
squares, and orthogonal arrays with interesting conjugacy properties. For more 
details, the interested reader may wish to consult the references. 
If (Q, @) is a quasigroup, we may define on the set Q six binary operations 
8(1,2,3), 8(1,3,2), @(2,1,3), @(2,3,1), @(3,1,2) and @(3,2,1) as 
follows: a @I b = c if and only if 
a @ (1, 2, 3)b = c, a @ (1, 3, 2)c = 6, b 8 (2, 1, 3)a = c 
b 69 (2, 3, 1)c 7 a, c 8 (3, 1, 2)~ = b, c @I (3, 2, 1)b = a. 
These six (not necessarily distinct) quasigroups (Q, @(i, j, k)), where {i, j, k} = 
(1, 2, 3}, are called the conjugates of (Q, 8) ( see Stein [65]). If the multiplication 
table of a quasigroup (Q, 8) defines a Latin square L, then the six Latin squares 
defined by the multiplication tables of its conjugates (Q, @ (i, j, k)) are called the 
conjugates of L. It is well-known (see, for example, [49]) that the number of 
distinct conjugates of a quasigroup (Latin square) is always 1, 2, 3 or 6. The 
interested reader may wish to refer to the book of D&es and Keedwell [24] for 
more details pertaining to Latin squares. 
Two quasigroup identities u,(x, y) = u2(x, y) and v,(x, y) = u2(x, y) are said to 
be conjugate-equivalent if when (Q, .) is a quasigroup satisfying one of them, then 
at least one conjugate of (Q, 0) satisfies the other. For example, the Stein identity 
x(xy) = yx is conjugate-equivalent o the identity (yx)x = xy, since the latter can 
be obtained by taking the (2,1,3)-conjugate (usually called transpose) of the 
Stein quasigroup. 
Two quasigroups (Q, .) and (Q, *) defined on the same set Q are said to be 
orthogonal if the pair of equations x . y = a and x *y = b, where a and b are any 
two given elements of Q, are satisfied simultaneously by a unique pair of 
elements from Q. Equivalently, we say that (Q, .) and (Q, *) are orthogonal if 
x.y=z . t and x * y = z * t together imply x = z and y = t. We remark that when 
the two quasigroups (Q, .) and (Q, *) are orthogonal then their corresponding 
Latin squares are also orthogonal in the usual sense. 
It is perhaps worth mentioning that the above definition of orthogonality 
between quasigroups can be extended to more general algebraic systems, such as 
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groupoids, as was done by Trevor Evans in [27]. If we adapt the notation of [27], 
where the functional notation a@, y) is conveniently used in place of the infix 
notation x *y for the operation, then we say that the two binary operations 
a(x, y) and b(x, y) defined on the same set Q are orthogonal operations, briefly 
written a I b, if 1 {(x, y) : a(x, y) = i, b(x, y) = j} 1 = 1 for every ordered pair i, j 
in Q. 
A quasigroup (Latin square) which is orthogonal to its (i, j, k)-conjugate is 
called (i, j, k)-conjugate orthogonal. A (2, 1,3)-conjugate orthogonal quasigroup 
(Latin square) is more commonly called self-orthogonaf. Orthogonality relations 
between pairs of conjugates of quasigroups (Latin squares) have been studied 
quite extensively (see, for example, [2, 4, 5, 7, 12, 17, 27, 37, 46, 61, 651). 
In [27] Trevor Evans introduced the concept of “short conjugate-orthogonal 
identity”, which is perhaps best described in light of the following result. 
Theorem 1.1 (Trevor Evans [27]). Let a(x, y) and b(x, y) be conjugate opera- 
tions on Q. Then a I b if and only if there is a quasigroup word w(x, y) such that 
w(a(x, y), b(x, y)) =x holds identically. 
As Trevor Evans subsequently remarked, Theorem 1.1 provides a method of 
producing many quasigroup identities which imply that two conjugates are 
orthogonal. He called an identity of the type described in Theorem 1.1 where 
w(x, y) is a word of length two a short conjugate-orthogonal identity. A simplified 
description of all such identities to within conjugacy-equivalence was given by 
Trevor Evans in [27, Theorem 6.21 which we state below. Note that, through 
private communication [30] with Trevor Evans, the identities (y . yx)y =x and 
(y . xy)y = x have replaced the identities ( y . yx)x = x and (y . xy)x = x 
respectively, which, for example, are satisfied by Steiner quasigroups and 
inadvertently appeared as a result of a typographical error. 
Theorem 1.2 (Trevor Evans [27, 301). A n non-trivial short conjugate-orthogonal y 
identity is conjugate-equivalent to one of the following: 
(i) xy .yx =x (ii) yx * xy = x 
(iii) (x * yx)y = x (iv) (x . xy)y =x 
(v) (xy *x)Y =x (vi) (y * Yx)Y =x 
(vii) (y * xy)y = x (viii) (yx . x)y = x 
(ix) (yx . y )y = x (x) (xy .Y)Y =x 
( (xii ( yx y;’ 1 y; xy.y=x*xy . . . 
x111 x * x x yx .y=x -yx 
Before proceeding, we wish to point out that, to within conjugacy-equivalence, 
the list of identities in Theorem 1.2 can further be reduced. For convenience and 
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future reference, we formally state the following: 
Proposition 1.3. Any identity listed in Theorem 1.2 is conjugate-equivalent to one 
of the following: 
(1) xy *yx =x (2) yx *xy =x 
(3) @Y -Y)Y =x (4) x‘xy=yx 
(5) (YX . Y)Y = x (6) (XY . x)y =x 
(71 xy*y=x*xy (8) yx*y=x*yx 
Proof. First of all, it should be mentioned that the identities (vii) and (ix) of 
Theorem 1.2 are actually equivalent. By replacing x by xy in (yx . y)y = x, we get 
((y . xy)y)y =xy, and by cancellation, we have ((y . xy)y =x. Conversely, the 
identity (y 1 xy)y = x implies yx * y = (y((y * xy)y))y = y * xy, that is, the identity 
(y * xy)y =x implies (yx + y)y =x. Secondly, the identities (vi) and (ix) of 
Theorem 1.2 are conjugate equivalent. For if a quasigroup satisfies the identity 
(y * yx)y =x, then its transpose will satisfy y(xy . y) =x which, by replacing x by 
yx, implies y((yx * y)y) =yx and, by cancellation, (yx 1 y)y =x. In a similar 
manner, one can verify the additional conjugacy-equivalence among the following 
pairs of identities in Theorem 1.2: 
(a) The (1,3,2)-conjugate of a quasigroup satisfying the identity (ii) yx . xy = 
x will satisfy the identity (iii) (x * yx)y =x. 
(b) The (1,3,2)- conjugate of a quasigroup satisfying (xi) x . xy = yx will satisfy 
(iv) (x * xy)y =x. 
(c) The (2,3, l)-conjugate of a quasigroup satisfying the identity (xi) x . xy = 
yx will satisfy (xiii) (xy - y)x = xy. 
(d) The (3,2,1)-conjugate of a quasigroup satisfying the identity (ix) 
(yx - y)y = x will satisfy (viii) (yx 1 x)y = x. 
This essentially completes the proof of the proposition. q 
C.C. Lindner and E. Mendelsohn [45] extended the concept of a conjugate of a 
quasigroup to that of a conjugate of an n2 X k orthogonal array, which is obtained 
by permuting the columns of the array. We define an n2 x k o~thogo~ai array 
based on an n-set, say S = (1, 2, . . . , n}, to be a rectangular array of n2 rows and 
k columns where, for any two distinct columns, the set of ordered pairs occurring 
in these two columns and the n2 rows is precisely the set of all n* distinct ordered 
pairs from S. Evidently, a quasigroup (Q, *) of order n is equivalent to an n2 x 3 
orthogonal array, where (x, y, z) is a row of the array if and only if x * y = z. 
Lindner and Mendelsohn also defined the conjugate invariant subgroup for an 
nz x k orthogonal array to be the group of all permutations on (1, 2, . . . , k} 
which yield conjugates equal to the original array. For the cases k = 3 and 4, the 
interested reader may refer to the survey paper of Lindner [39]. For more 
detailed results, refer to [45, 47, 48, 491, where a complete characterization of the 
groups which can be conjugate invariant subgroups for n2 X 3 and rt2X 4 
orthogonal arrays is given. 
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Example 1.4. Below we give an example of a quasigroup of order 4 and its 
associated 4’ x 3 orthogonal array which has the cyclic group C3 = ((12 3)) as 
conjugate invariant subgroup. Note that the quasigroup is idempotent and 
semisymmetric, and it corresponds to a Mendelsohn triple system of order 4. 
Quasigroup (Q, .) Orthogonal Array 
(1, 1, 1) 
(1, 2, 3) 
(1, 3, 4) 
(L4, 2) 
(2, 1, 4) 
(2, 2, 2) 
(2, 3, 1) 
(2, 4, 3) 
(3, 1, 2) 
(3, 2, 4) 
(3, 3, 3) 
(3, 4, 1) 
(4, 1, 3) 
(4, 2, 1) 
(4, 3, 2) 
(4, 4, 4) 
It is fairly evident that, disregarding the level at which the rows occur, the above 
orthogonal array remains invariant under cyclic permutation of its columns. 
The main purpose of this paper is to focus attention on the spectrum of each of 
the identities listed in Proposition 1.3. Some of these identities have been given a 
considerable amount of attention by various authors, while others remain to be 
investigated. We shall very briefly survey the known results and, in particular, 
give some improvements on the spectrum of a variety of the familiar Stein 
quasigroups. We shall also present some new results on the spectra of some of the 
other identities which have not been previously investigated. We shall employ 
both direct and recursive methods for constructing quasigroups, where the 
emphasis will be on the constructions and uses of pairwise balanced designs 
(PBDs) and other related combinatorial designs. In view of Proposition 1.3, this 
paper presents fairly conclusive results regarding the spectra of most of the 
identities listed by Trevor Evans in Theorem 1.2. 
2. Finite models and recursive constructions of quasigroups 
In what follows, we shall be concerned mainly with finite quasigroups. We shall 
describe some of the techniques for constructing quasigroups which satisfy some 
particular two-variable identity U(X, y) = n(x, y). 
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The most direct method of constructing finite models of a quasigroup (Q, .) 
satisfying U(X, y) = V(X, y) is to look for a model of the identity of the form 
x . y = Ax + py, where the elements lie in a finite field (or finite near field). This 
technique is fairly well-known and has been used quite extensively (see, for 
example, [29, 47, 51, 54, 651). In particular, for idempotent models, we shall look 
for models of the identity of the form x . y = AX + (1 - A)y in GF(q), where q is a 
prime power and A # 0 or 1. This will require finding a solution to some 
polynomial equation f(A) = 0 in GF(q), depending on the identity being 
investigated. We present the following useful example. 
Example 2.1. Consider the identity (yx . y)y = x (identity (5) of Proposition 1.3). 
This identity does not imply the idempotent law x2 =x. If, however, we are 
interested in idempotent models of (yx . y)y = X, we may look for models of the 
identity of the form x * y = AX + (1 - A)y, where A # 0 or 1 and the polynomial 
equation f(A) = A3 - A2 + 1 = 0 is satisfied in GF(p). If f(A) has a root in GF(p), 
then this value of A yields a solution in GF(p), and hence an idempotent model 
of the identity in GF(p). For example, A = 2 yields an idempotent model in 
GF(5), while A = 4 yields an idempotent model in GF(7). If f(A) does not have a 
root in GF(p), then there is an extension field GF(p3) in which f(A) has a root, 
and this root yields an idempotent model in GF(p”). For example, there are 
idempotent models in GF(23) and GF(33). In other words, there is an idempotent 
quasigroup satisfying (yx . y)y =x for orders 5, 7, 8 and 27. In actual fact, for all 
primes p < 300, it can readily be verified that f(A) has a root in GF(p) (and hence 
produces an idempotent model in GF(p)) except forp E (2, 3, 13, 29, 31, 47, 71, 
73, 127, 131, 151, 163, 179, 193, 197, 233, 239, 257, 269, 277). Our investigation 
will continue in subsequent sections. 
Having found models of the two-variable quasigroup identity u(x, y) = V(X, y) 
using finite fields (or finite near fields), one may recursively construct other 
models by various techniques. In what follows, we shall describe some of these 
techniques. 
Let (P, .) and (Q, *) be two quasigroups. On the set P x Q we can define a 
binary operation BJ as follows: 
(p, x) @3 (4, Y) = (P . q, x *Y), if p, q E P and x, Y E Q. 
Then it is easy to see that (P X Q, ‘8) is a quasigroup, called the direct product of 
(P, .) and (Q, *). The following result is fairly well-known and can be readily 
verified. 
Theorem 2.2. Let (P, .) and (Q, *) be two quasigroups satisfying the identity 
u(x, y) = v(x, y), where IPI = m and IQ1 = n. Then their directproduct (P x Q, (8) 
is a quasigroup of order mn satisfying u(x, y) = v(x, y). Moreover, if (P, -) and 
(Q, *) are idempotent, so is (P x Q, 8). 
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Example 2.3. Using the fact that there are idempotent quasigroups of orders 5, 7 
and 8 satisfying the identity (yx . y)y = x (see Example 2. l), we can apply 
Theorem 2.2 to get idempotent models of (yx . y)y = x of orders 5’ * 7” . 8’, where 
r, s, t are non-negative integers. 
Our next construction is a generalized form of the above direct product 
construction for quasigroups, and it is originally due to Sade [63] who called it 
“produit direct-singulier”. This construction was subsequently generalized and 
used extensively in various ways by C.C. Lindner (see, for example, [40-431). We 
shall adapt the definition of Lindner in the description which follows. 
Let (V, .) be an idempotent quasigroup and (Q, *) a quasigroup containing a 
subquasigroup (P, *). Let p = Q - P and let (P, @) be a quasigroup, where @ is 
not necessarily related to *. On the set S = P U (P x V) define a binary operation 
@ as follows: 
(1) p @ 4 = p * 9, if P, 4 E P, 
(2) p@(q,v)=(p*q,v), ifpep, qEP, 
(3) (q,u)@p=(q*p,u), ifpEP, qEPj 
(4) (p, n)@(q, u)=p*q, ifp*qeP 
=(p*q, v), ifp*qeP 
(5) (p,v)~(q,w)=(p~q,v.w), ifvfw. 
The quasigroup (S, @) so constructed is called the singular direct product of V 
and Q. 
Unlike the direct product construction, two-variable quasigroup identities are 
not necessarily preserved by the singular direct product construction. However, 
C.C. Lindner [41] has obtained some fairly general results on identities which are 
preserved by the singular direct product for quasigroups. Before stating the 
result, we need to adapt some of the terminology used in [41]. Let F(x, y) be the 
free groupoid on two generators x and y. The components of a word W(X, y) of 
F(x, y) are defined as follows: 
(1) if the length of w(x, y) is 1, the only component of w(x, y) is w(x, y), and 
(2) if the length of w(x, y) is greater than 1, the components of w(x, y) are 
w(x, y) itself and the components of u(x, y) and V(X, y), where w(x, y) = 
u(x, Y)tJ(X, Y). 
Let (Q, .) be any quasigroup (written multiplicatively) such that if t(x, y) = 
tI(x, y)t2(x, y) is any component of w(x, y) of length at least 2 and a #b are any 
two elements of Q, then t,(a, b) # &(a, b). Such a quasigroup is called a discrete 
w(x, y)-quasigroup. If (Q, .) is a discrete w(x, y) and V(X, y)-quasigroup and 
satisfies the identity w(x, y) = V(X, y), we call (Q, 0) a discrete w(x, y) = v(x, y)- 
quusigroup. We now state: 
Theorem 2.4 (C.C. Lindner [41]). Let (V, .) be a discrete w(x, y) = v(x, y)- 
idempotent quasigroup. Further let (Q, *) b e a quasigroup satisfying w(x, y) = 
v(x, y) and containing a subquusigroup (P, *). Let p = Q - P and suppose it is 
possible to define on P a binary operation C3 (not necessarily related to *) so that 
36 F. E Bennett 
(P, 8) is a quasigroup satisfying w(x, y) = v(x, y). Then the singular direct 
product (S, CD) of V and Q defined above satisfies the identity w(x, y) = v(x, y). 
Moreover, if IV( = v, IQ1 = q, IPJ =p and IpI = q -p, then (SI = v(q -p) +p. 
We wish to remark, as Lindner himself has pointed out, that in the statement 
of Theorem 2.4 only the quasigroup (V, .) need be idempotent and also (V, .) is 
the only quasigroup that is required to be a discrete w(n, y) = v(x, y)-quasigroup. 
Of course, if (Q, *) is an idempotent quasigroup, then the singular direct product 
(S, C3) of V and Q will also be an idempotent quasigroup. 
Example 2.5. Let (V, *) be an idempotent quasigroup of order 7 satisfying the 
identity (yx 1 y)y =x. Let (Q, *) be an idempotent quasigroup of order 5 
satisfying the identity (yx . y)y =x based on the set Q = (1, 2, 3, 4, 5). Let 
P = (5) and on p = Q - P = (1, 2, 3, 4) define the binary operation 8 using the 
multiplication table given below. 
@I 1234 
Now it is readily checked that (P, 8) is a quasigroup of order 4 satisfying the 
identity (yx . y)y =x. It is also easy to verify that (V, a) is an idempotent discrete 
(yx . y)y =x quasigroup and the singular direct product (S, @) of V and Q is an 
idempotent quasigroup of order 29 = 7(5 - 1) + 1 satisfying (yx * y)y =x. Note 
that this is an addition to the list given in Example 2.1, where constructions using 
finite fields were used. 
While the direct product and singular direct product constructions are useful 
tools in the construction of quasigroups satisfying two-variable identities, it is 
fairly obvious that there are limitations with respect to their ability to determine 
the spectrum. In general, the -most effective recursive method of construction in 
investigating the spectra of two-variable quasigroup identities makes use of the 
concept of pairwise balanced designs (PBDs) and related combinatorial designs. 
In what follows, we shall describe the techniques involved. However, the 
interested reader may wish to refer to [16, 33, 711 for more detailed results on 
PBDs and related designs. 
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Definition 2.6. Let K be a set of positive integers. A pairwise balanced design 
(PBD) of index unity B(K, 1; V) is a pair (X, B) where X is a v-set (of points) 
and B is a collection of subsets of X (called blocks) with sizes from K such that 
every pair of distinct points of X is contained in exactly one block of B. The 
number [XI= v is called the order of the PBD. 
Now let (Q, IEI) be a PBD B(K, 1; V) and for each block B E B let o(B) be a 
binary operation on B so that (B, o(B)) is an idempotent quasigroup. Define a 
binary operation (a) on Q by x . x = n for all x E Q, and x . y = x o(B) y, where 
x fy and B is the unique block in B containing x and y. It is well-known and easy 
to see that (Q, .) is an idempotent quasigroup of order v (see [71]). More 
important is the fact that PBDs can be used to investigate the spectrum of certain 
collections of two-variable quasigroup identities. The following theorem is now 
well-known (see, for example, [28, 31, 661) and has been used quite extensively. 
Theorem 2.7. Let V be a variety (more generally universal class) of algebras 
which is idempotent and which is based on two-variable identities. Suppose that 
there is a PBD B(K, 1; v) such that for each block of size k E K there is a model of 
V of order k, then there is a model of V of order v. 
We shall denote by B(K) the set of all integers v for which there exists a PBD 
B(K, 1; v). We briefly denote by B(kI, k2, . . . , k,) the set of all integers v for 
which there is a PBD B({k,, kZ, . . . , k,}, 1; v). A set K is said to be PBD-closed 
if B(K) = K. R.M. Wilson’s remarkable theory concerning the structure of 
PBD-closed sets (see [72-741) often provides us with some form of asymptotic 
results in the following theorem. 
Theorem 2.8 (R.M. Wilson [72-741). Let K be a set of positive integers and 
define the two parameters : 
cu(K)=g.c.d{k-l:kEK}, 
/I(K)=g.c.d{k(k-1):kEK). 
Then there exists a constant C (depending on K) such that, for all integers v > C, 
v E B(K) if and only if v - 1 = 0 (mod a(K)) and v(v - 1) = 0 (mod P(K)). 
Example 2.9. Using finite fields in Example 2.1, we constructed idempotent 
quasigroups of orders 5, 7 and 8 satisfying the identity (yx . y)y =x. If we let 
K = (5, 7, 8) in Theorem 2.8, then o(K) = 1 and f?(K) = 2, and consequently the 
theorem guarantees v E B(5, 7, 8) for all suficiently large values of v. Theorem 
2.7 then further guarantees the existence of idempotent quasigroups satisfying 
(yx . y)y = x for all sufficiently large orders, where the term “sufficiently large” is 
unspecified. 
38 F. E Bennett 
As already mentioned, the identity (yx . y)y = x does not imply the idempotent 
identity x2 = x. Consequently, while Theorem 2.7 usually has a dramatic effect in 
investigating the spectrum of certain collections of two-variable identities, the 
requirement that the variety V be idempotent is a definite drawback in some 
cases. To get around this, we sometimes use the notion of a group divisible design 
(GDD). 
Definition 2.10. Let K and M be sets of positive integers. A group divisible 
design (GDD) GD(K, 1, M; v) is a triple (X, G, El), where 
(i) X is a u-set (of points), 
(ii) G is a collection of non-empty subsets of X (called groups) with sizes in M 
and which partition X, 
(iii) B is a collection of subsets of X (called blocks), each with size at least two 
in K, 
(iv) no block meets a group in more than one point, and 
(v) each pairset {x, y} of points not contained in a group is contained in 
exactly one block. 
The group-type (or type) of the GDD (X, G, lEE) is the multiset {ICI : G E G} 
and we usually use the “exponential” notation for its description: a group-type 
Ii2i3k . . * denotes i occurrences of groups of size 1, j occurrences of groups of size 
2, and so on. 
Now let (Q, 6, El) be a GDD GD(K, 1, M; v) and for each group G E G let 
o(G) be a binary operation on G so that (G, o(G)) is a quasigroup (not necessarily 
idempotent). Further, for each block B E B, let o(B) be a binary operation on B 
so that (B, o(B)) is an idempotent quasigroup. Define on Q the binary operation 
(*) by x *y = x o(G) y if x and y belong to the group G E G (in particular, 
x *x = x o(G) x for all x E Q, where G is the group in G containing x), and 
x *y = x o(B) y, if x # y and the pairset {x, y } belongs to the block B E B. It is 
readily checked that (Q, ) * is a quasigroup of order u (cf. [71]). Unfortunately, 
this construction of quasigroups using GDDs does not necessarily preserve 
two-variable identities as C.C. Lindner has pointed out in [44]. However, Lindner 
[44] (see also Ganter [31]) for a generalization) was able to use the concept of a 
discrete model of a two-variable identity to obtain the following result. 
Theorem 2.11. Let (Q, 6, B) be u GDD and (Q, *) a quasigroup constructed 
from (Q, G, E3) such that the quasigroup (G, o(G)) constructed on each group G in 
G satisfies the identity u(x, y) = 2r(x, y) and the quasigroup (B, o(B)) constructed 
for each block B in El is an idempotent discrete model of u(x, y) = v(x, y). Then 
the quasigroup (Q, *) satisfies the identity u(x, y) = v(x, y). 
We wish to remark that in the statement of Theorem 2.11 only the quasigroups 
(B, o(B)) defined on the blocks of B need be discrete models of the identity 
u(x, y) = V(X, y), and that the quasigroups (G, o(G)) defined on the groups of G 
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need only satisfy the identity u(x, y) = z)(x, y). We also have the following easy 
gener~ization of Theorem 2.11, which is a GDD analog of the singular direct 
product construction result in Theorem 2.4. 
Theorem 2.12. Let (X, G, U3) be a GDD GD(K, 1, M; v) and let P be a set of 
order p d&joint from X. Suppose for each block B in B it is possible to define a 
bingo opera~on o(B) on B so that (B, o(B)) is an idempotent discrete model of the 
identity u(x, y) = v(x, y). Aiso suppose that for each group G in 6, there is a 
binary operation o(G,) on the set G U P which converts it into a u(x, y) = v(x, y)- 
quasigroup containing P as a common subquasigroup. Then there exists a 
quasigroup (XU P, *) of order v +p satisfying the identity u(x, y) = v(x, y). 
Proof. We define the operation (*) on X U P as follows: 
(1) x *y =x o(B) y, if x # y and the pairset {x, y} is contained in the block 
B E [B1; 
(2) x*y=xo(Gp)y, ifx,yEG, orxEGandyEP, orxEPandyeG, where 
GECS; 
(3) x *y =x - y, if x, y E P and (P, =) is a quasigroup satisfying the identity 
u(x, y) = v(x, Y). 
The verification that (X U P, *) is a quasigroup satisfying u(x, y) = v(x, y) is fairly 
straightforward. q 
The following theorem is a slight modification of Theorem 2.12 and its proof is 
very similar. 
Theorem 2.13. Let (X, 63, LEB) be u GDD GD(K, 1, M; v) and let P be a set of 
order p disjoint from X. Suppose that for each block B in (EB it is possible to define 
a binary operation o(B) on B so that (B, a(B)) is an idempotent discrete model of 
the identity u(x, y) = v(x, y). Suppose that G = {G,, G,, . . . , G,} and for each 
group G;, i = 1, 2, . . , , m - 1, there is a binary operation o(Gip) on the set G, U P 
which converts it into a u(x, y) = v(x, y)-quasigroup containing P as a common 
subquasigroup. Further suppose that there is a binary operation (s) on the set 
G, U P which converts it into a u(x, y) = v(x, y)-qu~igroup. Then there exists a 
quasigroup (X U P, *) of order v +p satisfying the identity u(x, y) = v(x, y). 
Proof. We define the operation (*) on X U P as follows: 
(1) x *y =x0(B) y, if x #y and the pairset {x, y} is contained in the block 
BEIEB; 
(2) x*y=x~(G~r)y, if x,yeGj, or XEG,. and REP, or XEP and yeGi, 
where i = 1, 2, . . . , m - 1. 
(3) x*y=x.y, ifx,yEG,UP. 
Then (X U P, *) is a quasigroup satisfying u(x, y) = v(x, y). Cl 
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3. Quasigroup identities and orthogonal arrays 
As we have already mentioned, some of the identities listed in Proposition 1.3 
have been used in the construction and description of orthogonal arrays with 
interesting conjugacy properties. Indeed, the most conclusive results we have to 
date regarding the spectra of short conjugate orthogonal identities pertain to 
those identities associated with certain classes of n2 x 4 orthogonal arrays. In this 
section, we shall give only a brief summary of the known results concerning the 
identities (l), (2) and (3) of Proposition 1.3, and the reader may consult the 
references for more details. Henceforth, we let J(u(x, y) = V(X, y)) denote the 
spectrum of the identity u(x, y) = V(X, y). 
Quasigroups satisfying the identity xy . yx = x, called the Schriider identity, are 
known to be self-orthogonal and a necessary condition for n E J(xy . yx =x) is 
n = 0 or 1 (mod 4). Several authors investigated J(xy * yx =x) including D.A. 
Norton and S.K. Stein [58], S.K. Stein [66], R.D. Baker [l], C.C. Lindner, N.S. 
Mendelsohn and S.R. Sun [47]. The most conclusive result was obtained by 
Lindner, Mendelsohn and Sun in the following theorem. 
Theorem 3.1 (Lindner, Mendelsohn and Sun [47]). J(xy * yx =x) contains pre- 
cisely the set of all positive integers n = 0 or 1 (mod 4) except n = 5, and possibly 
excepting n = 12 and 21. 
More recently, C.J. Colbourn and D.R. Stinson [23] have proved the 
following: 
Theorem 3.2. There exists an idempotent Schroder quasigroup of order n for all 
positive integers n = 0 or 1 (mod 4) except n = 5 and 9, and possibly excepting 
n = 12, 24, 33, 45, 69, 105, 117. 
Combining Theorems 3.1 and 3.2, we now have 
Theorem 3.3. J(xy . yx = x) contains precisely the set of all positive integers n = 0 
or 1 (mod 4) except n = 5, and possibly excepting n = 12. 
From the results of [47], we are able to use Theorem 3.3 to determine that the 
spectrum of n2 x 4 orthogonal arrays having K4 (the Klein 4-group) as conjugate 
invariant subgroup contains precisely the same set of values of n given in 
Theorem 3.3. This result also applies to the spectrum of Latin squares which have 
simultaneously the properties of being orthogonal to their transposes and have 
the Weisner property (see [47] for more details). 
A quasigroup satisfying the identity yx . xy =x, called Stein’s third law, is 
known to be self-orthogonal. Moreover, a necessary condition for n E J(yx . xy = 
x) is n = 0 or 1 (mod 4). In [48], Lindner, Mullin and Hoffman established a 
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correspondence between quasigroups satisfying the identity yx * xy = x and n2 x 4 
orthogonal arrays having C4 (the cyclic group of order 4) as conjugate invariant 
subgroup (briefly denoted by COA in [48]). They essentially proved: 
Theorem 3.4 (Lindner, Mullin and Hoffman [48]). J(yx . xy =x) contains pre- 
cisely the set of all positive integers n = 0 or 1 (mod 4) except possibly n = 12 
and 48. 
However, the possible exception n = 48 can now be removed and we can obtain 
the following theorem. 
Theorem 3.5. J(yx . xy = x) contains precisely the set of all positive integers n = 0 
or 1 (mod 4) except possibly n = 12. 
Proof. We need only remove the possible exception n = 48 from Theorem 3.4. 
First of all, the result of Brouwer [20] can be used to establish the existence of a 
{5}-GDD of group-type 86 (see, for example, [67, Example 3.41). If v is a prime 
power and v = 1 (mod 4), then [48, Lemma 6.61 guarantees the existence of an 
idempotent quasigroup of order v satisfying the identity yx . xy =x. Thus in 
particular, we can define an idempotent discrete model of the identity yx . xy =x 
on the blocks of size 5 of the above mentioned GDD, and on each group of order 
8, we define a model of yx . xy = x. We then apply Theorem 2.11 to get 
48 E J(yx * xy = x). Alternatively, we may use the {5}-GDD of group-type 8’j and 
apply the result contained in [48, Lemma 6.51. 0 
We wish to remark that, apart from COAs, there are some correspondences 
between idempotent models of yx . xy =x and other types of combinatorial 
structures (see, for example, [l, 511). Note that the identity (x . yx)y = x ((iii) of 
Theorem 1.2), which was studied by N.S. Mendelsohn in [51]), is conjugate 
equivalent to the identity yx . xy = x. Obviously, J((x . yx)y = x) = J(yx . xy = x). 
In this connection, it is worth mentioning that the combined result of Bennett [5] 
and the more recent result of Zhang [75] on (v, 4, 1)-perfect Mendelsohn designs 
establishes the following: 
Theorem 3.6. There exists an idempotent quasigroup of order n satisfying Stein’s 
third law for all positive integers n = 0 or 1 (mod 4) except n = 4, and possibly 
excepting n = 8, 12, 33. 
Remark. K. Heinrich [private communication] has informed the author that an 
exhaustive computer search established the non-existence of a (8,4,1)-perfect 
Mendelsohn design. Hence, n = 8 is a definite exception in Theorem 3.6. 
In [3], the author established a correspondence between quasigroups satisfying 
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the identity (xy . y)y = x and n2 x 4 orthogonal arrays having C3 (the cyclic group 
of order 3) as conjugate invariant subgroup. As a corollary to the results 
contained in [48, Theorem 5.11, the following result was obtained. 
Theorem 3.7 (Bennett [3]). J((xy * y)y =x) contains precisely the set of all 
positive integers n = 0 or 1 (mod 3) except n = 6. 
A quasigroup satisfying the identity (xy * y)y =x is known to be (3,2, l)- 
conjugate orthogonal. Also, idempotent models of (xy * y)y =x correspond to a 
class of resolvable Mendelsohn triple systems (see, for example, [lo]). It was also 
shown [3] that idempotent models of (xy . y)y =x exist only for orders 
II = 1 (mod 3). 
4. Stein quasigroups 
A quasigroup satisfying the identity x * xy = yx is called a Stein quasigroup. 
Stein quasigroups are necessarily idempotent and self-orthogonal. The Stein 
identity x . xy = yx ((4) of Proposition 1.3) is perhaps the most extensively studied 
of the two-variable identities listed in Proposition 1.3. Following S.K. Stein’s 
original interest in the identity in 1957 (see [65]), several authors have given it a 
considerable amount of attention (see, for example, [ll, 27, 40, 51, 59, 60, 65, 
661). Stein had hoped to use quasigroups satisfying the constraint x .xz = y . yz 
implies x = y to construct counter-examples to the Euler conjecture concerning 
orthogonal Latin squares. Obviously, a quasigroup satisfying the identity x . xy = 
yx became a suitable candidate for his investigation. However, most of the 
current results we have relating to the spectrum J(x . xy = yx) came long after the 
disproof of the Euler conjecture and, in fact, after the spectrum for self- 
orthogonal Latin squares was determined to contain all positive integers 12 # 2, 3 
or 6 (see [17]). Undoubtedly, Stein quasigroups are of special interest in their 
own right. Stein [65] and Mendelsohn [51] used Galois fields to show that 
J(x . xy = yx) contained all positive integers of the form 4km, where the 
square-free part of m does not contain any prime p - 2 or 3 (mod 5). Later on, 
Stein [66] used BIBDs to show that the spectrum contained all numbers of the 
form 12k + 1, 12k + 4, 20k + 1, and 20k + 5. Lindner [40] further enlarged the 
spectrum by using the singular direct product construction. In two subsequent 
papers [59, 601, Pelling and Rogers showed that if n E (2, 3, 6, 7, 8, 10, 12, 14}, 
then it $ J(x . xy = yx) and they used PBDs in conjunction with the singular direct 
product to show that II E J(x . xy = yx) for all n > 1042. This bound was later 
improved by Bennett and Mendelsohn in [ll]. The main result was established on 
the basis of the following two lemmas. 
Lemma 4.1. B(4, 5, 9, 11, 19, 31) zJ(x . xy =yx). 
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Lemma 4.2 (see [ll, Theorems 4.3-4.6, 4.84.101). 1fv 34 and v $ (6, 7, 8, 10, 
12, 14, 15, 18, 22, 23, 26, 27, 30, 34, 35, 38, 39, 42, 43, 46, 50, 54, 62, 66, 70, 
74, 78, 82, 90, 98, 102, 106, 110, 114, 126, 130, 142, 158, 162, 174, 178, 190}, 
then v E B(4, 5, 9, 11, 19, 31). 
Theorem 4.3 (Bennett and Mendelsohn [ll]). v E J(x * xy = yx) holds for all 
positive integers v except v E (2, 3, 6, 7, 8, 10, 12, 14) and possibly excepting 
v E (15, 18, 22, 23, 26, 27, 30, 34, 35, 38, 39, 42, 43, 46, 50, 54, 62, 66, 70, 74, 
78, 82, 90, 98, 102, 106, 110, 114, 126, 130, 142, 158, 162, 174, 178, 190}. 
In [8] the author improved the result of Lemma 4.2 and obtained the following 
theorem: 
Theorem 4.4. For all integers v 2 4, v E B(4, 5, 9, 11, 19, 31) holds with the 
exception of v E (6, 7, 8, 10, 12, 14, 15, 18, 22, 23, 26, 27, 30, 34) and with the 
possible exception of v E (38, 42, 43, 46, 50, 54, 62, 66, 70, 74, 78, 82, 90, 98, 
102, 114, 126). 
As a consequence of Lemma 4.1 and Theorem 4.4, we readily obtain the 
following improvement of Theorem 4.3. 
Theorem 4.5. v E J(x . xy = yx) holds for all positive integers v except v E 
(2, 3, 6, 7, 8, 10, 12, 14) and possibly excepting v E (15, 18, 22, 23, 26, 27, 30, 
34, 38, 42, 43, 46, 50, 54, 62, 66, 70, 74, 78, 82, 90, 98, 102, 114, 126). 
The result of Theorem 4.4 also allows us to enlarge the spectrum of certain 
classes of Stein systems (see [ll, 59, 601). If a Stein system S contains a proper 
subsystem T, then it is known that (S( Z= 3 IT( + 1 (see, for example, [60]). The 
case where equality holds is of special interest. If, as in [ll, 591, we write Q(n) 
whenever there is a Stein system of order n which is a subsystem of one of order 
3n + 1, then we have the following improvement of results contained in [ll, 591. 
Theorem 4.6. Zf n = 1 (mod 3), then Q(n) holds for all n 2 4 except n = 7, 10 
and possibly excepting n E (22, 34, 43, 46, 70, 82). 
Proof. We need only remove the possible exceptions n = 106, 130, 142, 178, 190 
from [ll, Theorem 5.11. We now use the fact that, if k > 1, then 9k +4 E 
B(4, (3k + l)*) holds from [18, Lemma 71. Combining this with the fact that we 
have (106, 130, 142, 178, 190} c J( x . xy = yx), we get the desired result with 
k E (35, 43, 47, 59, 63) and an application of Theorem 2.7. •i 
An extended medial Stein system is a Stein system with the property that every 
2-element generated subsystem satisfies the medial law (xy)(zt) = (xz)(yt). 
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Extended medial Stein systems were originally investigated by Pelling and Rogers 
[59,60] and later studied in [ll]. Since it is known that a medial Stein system of 
order IZ exists for it E (4, 5, 9, 11, 19, 31}, we can use the result of Theorem 4.4 
to further improve that contained in [ll, Theorem 5.21. We essentially have the 
following theorem. 
Theorem 4.7. An extended medial Stein system of order n exists for all integers 
n * 4 except n E (6, 7, 8, 10, 12, 14) and possibly excepting n E { 15, 18, 22, 23, 26, 
27, 30, 34, 38, 42, 43, 46, 50, 54, 62, 66, 70, 74, 78, 82, 90, 98, 102, 114, 126). 
Remark. D.G. Rogers [private communication] has recently shown that there is 
no Stein quasigroup of order 18. Hence, 18 is an exception in both Theorems 4.5 
and 4.7. 
5. The spectrum of (yx * y)y =x and Mendelsohn designs 
We have already seen in the proof of Proposition 1.3 that the identity 
(yx . y)y =x is equivalent to (y . xy)y = x, and it is also conjugate equivalent to 
the identities (y . yx)y = x and (yx * x)y = x. Consequently, the spectrum of each 
of these identities ((vi), (vii), (viii), and (ix) of Theorem 1.2) is the same. A 
quasigroup satisfying the identity (yx . y)y = x has the interesting property of 
being orthogonal to its (2,3, l)-, (3,1,2)-, and (3,2, 1)-conjugate. In particular, 
idempotent models of (yx . y)y = x can be associated with a class of resolvable 
Mendelsohn designs which we briefly describe below. For more details, the 
reader is referred to [5, 6, 10, 36, 37, 51-531. 
A (v, K, 1)-Mendelsohn design (briefly (v, K, l)-MD) is a pair (X, B), where X 
is a v-set (of points) and IEI is a collection of cyclically ordered subsets of X (called 
blocks) with sizes in the set K such that every ordered pair of points of X are 
consecutive in exactly one block of B. 
If (X, B) is a (v, K, l)-MD with X = {1,2, . . . , v} and K = {k,, kZ, . . . , k,}, 
where Clsiss k, = v - 1, then (X, B) is called loosely resolvable if its blocks can 
be separated into ZJ parallel classes such that the set theoretic union of the 
elements in the blocks of the jth parallel class is X - {i}. If each parallel class 
contains one block of each of the sizes kI, kZ, . . . , k,, then (X, III) is called 
precisely resolvable. The (v, K, l)-MD is called r-fold perfect if each ordered pair 
of points of X appears t-apart in exactly one block of B for all t = 1, 2, . . . , r. If 
K = {k} and r = k - 1, the design is called perfect. 
Let 1 Ql = v and suppose (Q, *) is an idempotent quasigroup satisfying 
(y_x . y)y =x. Then (Q, 0) will be orthogonal to its (3,2,1)-conjugate, say (Q, *). 
We can then define the blocks of a 2-fold perfect loosely resolvable (v, K, l)-MD 
as follows. For the block containing a of the xth parallel class, the right-hand 
neighbour of a is a . x and the left-hand neighbour of a is a *x. This construction 
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produces well-defined blocks of size k H > 3 in K and it can be verified that the 
resulting design is a 2-fold perfect loosely resolvable (v, K, l)-MD (see, for 
example, [5, 371). 
In Example 2.9, we are essentially guaranteed the existence of a constant C 
such that for all n > C, there exists an idempotent quasigroup of order n satisfying 
the identity (yx ’ y)y = x. In [9], the author carried out an investigation of 
J((yx . y)y = x) with some emphasis on finding a concrete upper bound for the 
constant C. Example 2.1 was employed in conjunction with the recursive 
constructions of Section 2 and the notion of a quasigroup with “holes” (see, for 
example, [13, 14, 251). The main result of [9] pertaining to the spectrum of the 
identity (yx . y)y = x can be summarized in the following theorems: 
Theorem 5.1. For every integer n 2 1 with the exception of n = 2, 3, 4, 6, and the 
possible exception of n E (9, 10, 12, 13, 14, 15, 16, 18, 20, 22, 24, 26, 28, 30, 34, 
38, 39, 42, 44, 46, 51, 52, 58, 60, 62, 66, 68, 70, 72, 74, 75, 76, 86, 87, 90, 94, 
96, 98, 99, 100, 102, 106, 108, 110, 114, 116, 118, 122, 132, 142, 146, 154, 158, 
164, 170, 174}, there exists an idempotent quasigroup of order n satisfying the 
identity (yx . y)y = x. 
Theorem 5.2. J((yx - y)y = x) contains every integer n 2 1 with the exception of 
n = 2, 6, and possibly excepting n = 10, 14, 18, 26, 30, 38, 42, 158. 
6. Miscellaneous results and summary 
In the preceding sections of this paper, we have been able to present fairly 
conclusive results regarding the spectrum of most of the identities listed by Trevor 
Evans in Theorem 1.2. However, the last three identities of Proposition 1.3 
remain to be investigated, namely, (6) (xy . x)y =x ((v) of Theorem 1.2), (7) 
xy . y =x . xy ((xii) of Theorem 1.2), and (8) yx * y =x * yx ((xiv) of Theorem 
1.2). For the most part, the current results on the spectrum of each of these 
identities are still somewhat inconclusive, and we shall provide only a brief 
summary in this section. 
Lemma 6.1. Each of the identities in {(xy . x)y = x, xy . y =x . xy, yx . y = x . yx} 
implies the idempotent law. 
Proof. We first consider the identity (xy . x)y =x. If (xy . x)y =x holds, then, 
replacing x by xy, we obtain (((xy)y)(xy))y =xy which implies ((xy)y)(xy) =x. 
On the other hand, ((x(xy))x)(xy) = x also holds. Hence we have ((x(xy))x)(xy) = 
((xy)y)(xy) and, by cancellation, (x(xy))x = (xy)y holds. In particular, we must 
have (x(x”))x = (x2)x which implies x .x2 =x2, which further implies x*=x. 
Next, we consider the identity xy * y = x . xy. If xy . y = x * xy holds, then ay = a 
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implies that a2 = a . ay = ay . y = ay = a. Finally, we consider the identity yx . y = 
xeyx. If yx*y=x.yx holds, then ax=a implies that a*=ax-a=x-ax=xa 
which, by cancellation, implies a =x, that is, a2 = a. This completes the proof of 
the lemma. Cl 
In what follows, we shall make use of a result due to Mullin et al. [56]. 
Lemma 6.2. A B((5, 9, 13, 17, 29, 49}, 1; v) exists for all positive integers 
v = 1 (mod 4) with the possible exception of v = 33, 57, 93, 133. 
A quasigroup satisfying the identity (xy . x)y = x is (3,2,1)-conjugate or- 
thogonal and, moreover, the identity itself is (3,2, 1)-conjugate invariant. 
Consequently, any quasigroup of order v satisfying the identity (xy . x)y =x can 
always be associated with some 2-fold perfect loosely resolvable (v, K, l)-MD as 
described in the previous section. There are models of the identity (xy . x)y = x in 
GF(q) for all prime powers q = 1 (mod 4). In particular, there are models of the 
identity of order n, where it E (5, 9, 13, 17, 29, 49). By using the result of 
Lemma 6.2 and applying Theorem 2.7, we readily obtain the following result. 
Theorem 6.3. J((xy . x)y = x) contains all positive integers v = 1 (mod 4), except 
possibly v = 33, 57, 93, and 133. 
It is still an open problem to determine more precisely J((xy . x)y = x). It is not 
difficult to check that 2, 3, 4, and 6 do not belong to J((xy . x)y =x). 
The identity xy . y =x . xy is conjugate invariant, and a quasigroup satisfying 
this identity is (3,2, l)- and (1,3,2)-conjugate orthogonal. Hence these quasi- 
groups can be associated with 2-fold perfect loosely resolvable Mendelsohn 
designs. There are models of the identity xy . y = x . xy in GF(2k) for all k 2 2. In 
particular, there are models of the identity of orders 4 and 8. If we utilize a result 
of Hanani [33], we readily obtain models of the identity of all orders v = 1 or 
4 (mod 12)) and, more generally, if we appeal to Wilson’s result in Theorem 2.8 
with K = (4, S}, we easily obtain 
Theorem 6.4. J(xy . y =x . xy) contains all sufficiently large integers v, where 
v =O or 1 (mod4). 
It can be shown that J(xy - y =x . xy) does not contain 2, 3, 5, 6 or 7, and it 
is possible to be more specific about the term “sufficiently large” in Theorem 6.4. 
However, more conclusive results are being sought by the author. 
Quasigroups satisfying the identity yx - y =x . yx are (3,1,2) (and (2,3,1))- 
conjugate orthogonal, and there are models of the identity in GF(q) for all prime 
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powers q = 1 (mod 4). Consequently, it is possible to obtain a result similar to 
that of Theorem 6.3, that is, we have 
Theorem 6.5. J(yx *y =x * yx) contains all positive integers v = 1 (mod 4), 
except possibly v = 33, 57, 93 and 133. 
In summary, the author has attempted to provide an up to date account of what 
is known regarding the spectrum of each of the identities in Theorem 1.2. I would 
like to reiterate that only a brief survey of the known results is given in this 
paper. However, I have made a concerted effort to include many references to 
the earlier investigations in the bibliography, and the interested reader should 
find plenty of details therein. 
Note added in proof. Since this paper was accepted for publication, the author 




The quasigroup identities (xy * x)y =x and yx . y =x * yx, namely, (6) and 
(8), respectively, cf. Proposition 1.3, are conjugate-equivalent. Conse- 
quently, the spectrum is the same for each of these identities and the list of 
identities in Proposition 1.3 can further be reduced to seven. 
There exists a (33,4, l)-perfect Mendelsohn design and the possible 
exception n = 33 can be eliminated from Theorem 3.6. 
W.H. Mills has recently shown that {70,82} 5 B(4, 19”). Consequently, 
the numbers 70 and 82 can be removed from the list of possible exceptions 












R.D. Baker, Quasigroups and tactical systems, Aequationes Math. 18 (1978) 296-303. 
F.E. Bennett, Latin squares with pairwise orthogonal conjugates, Discrete Math. 36 (1981) 
117-137. 
F.E. Bennett, On a class of rrr x 4 orthogonal arrays and associated quasigroups, Congressus 
Numerantium 39 (1983) 117-122. 
F.E. Bennett, On conjugate orthogonal idempotent Latin squares, Ars Combinatoria 19 (1985) 
37-50. 
F.E. Bennett, Congugate orthogonal Latin squares and Mendelsohn designs, Ars Combinatoria 
19 (1985) 51-62. 
F.E. Bennett, On r-fold perfect Mendelsohn designs, Ars Combinatoria 23 (1987) 57-68. 
F.E. Bennett, Pairwise balanced designs with prime power block sizes exceeding 7, Annals 
Discrete Math. 34 (1987) 43-64. 
F.E. Bennett, Concerning pairwise balanced designs with prime power block sizes, Contem- 
porary Math., to appear. 
F.E. Bennett, Quasigroup identities and Mendelsohn designs, Canad. J. Math., to appear. 
F.E. Bennett, E. Mendelsohn and N.S. Mendelsohn, Resolvable perfect cyclic designs, J. 
Combin. Theory (A) 29 (1980) 142-150. 
F.E. Bennett and N.S. Mendelsohn, On the spectrum of Stein quasigroups, Bull. Austral. Math. 
Sot. 21 (1980) 47-63. 
48 F. E Bennett 
[12] F.E. Bennett and N.S. Mendelsohn, Conjugate orthogonal Latin square graphs, Congressus 
Numerantium 23 (1979) 179-192. 
(131 F.E. Bennett, Lisheng Wu and L. Zhu, Conjugate orthogonal Latin squares with equal-sized 
holes, Annals Discrete Math. 34 (1987) 65-80. 
[14] F.E. Bennett, Lisheng Wu and L. Zhu, On the existence of CQLS with equal-sized holes, Ars 
Combinatoria 26B (1988) 5-36. 
[15] F.E. Bennett, Lisheng Wu and L. Zhu, Further results on incomplete (3,2,l)-conjugate 
orthogonal idempotent Latin squares, Discrete Math., to appear. 
(161 Th. Beth, D. Jungnickel and H. Lenz, Design Theory (Bibliographisches Institut, Zurich, 1985). 
1171 R.K. Brayton, D. Coppersmith and A.J. Hoffman, Self-orthogonal Latin squares of all orders 
n # 2, 3 or 6, Bull. Amer. Math. Sot. 80 (1974) 116-118. 
IlS] A.E. Brouwer, Optimal packings of K,‘s into a K,, J. Combin. Theory (A) 26 (1979) 278-297. 
[19] A.E. Brouwer, The number of mutually orthogonal Latin squares-a table up to order 10000, 
Research Report ZW123/79, Mathematisch Centrum, Amsterdam, 1979. 
[ZO] A.E. Brouwer, Four MOLS of order 10 with a hole of order 2,J. Statist. Planning and Inference 
10 (1984) 203-205. 
[21] A.E. Brouwer, H. Hanani and A. Schrijver, Group divisible designs with block-size four, 
Discrete Math. 20 (1977) l-10. 
1221 R.H. Bruck, What is a loop?, in: Studies in Modern Algebra, A.A. Albert, ed (Prentice-Hall, 
Englewood Cliffs, 1963). 
1231 C.J. Colbourn and D.R. Stinson, Edge-coloured designs with block size four, Research Report 
CORR 87-25, July 1987. 
(241 J. D&es and A.D. Keedwell, Latin Squares and Their Applications (Academic Press, New York 
and London, 1974). 
[2.5] J.H. Dinitz and D.R. Stinson, MOLS with holes, Discrete Math. 44 (1983) 145-154. 
1261 D.A. Drake and J.A. Larson, Pairwise balanced designs whose line sizes do not divide six, J. 
Combin. Theory (A) 34 (1983) 266-300. 
[27] T. Evans, Algebraic structures associated with Latin squares and orthogonal arrays, Proc. Conf. 
Algebraic Aspects of Combinatorics, Congressus Numerantium 13 (1975) 31-52. 
[ZS] T. Evans, Universal-algebraic aspects of combinatorics, Proc. Internat. Conf. Universal Algebra, 
Janos Bolyai Math. Sot. (North-Holland, Amsterdam, 1980). 
[29] T. Evans, Finite representations of two-variabIe identities or Why are finite fields important in 
combinatorics? Annals Discrete Math. 15 (1982) 135-141. 
[30] T. Evans, private communication. 
(311 B. Ganter, Combinatorial designs and algebras, Preprint Nr. 270, Technische Hochschufe, 
Darmstadt, 1976. 
1321 B. Ganter and H. Werner, Equational classes of Steiner systems, Algebra Universalis 5 (1975) 
125-140. 
(331 H. Hanani, Balanced incomplete block designs and related designs, Discrete Math. 11 (1975) 
255-369. 
1341 H. Hanani, D.K. Ray-Chaudhuri and R.M. Wilson, On resolvable designs, Discrete Math. 3 
(1972) 343-357. 
1351 J.D. Horton, Sub-Latin squares and incomplete orthogonal arrays, J. Combin. Theory (A) 16 
(1974) 23-33. 
[36] D.F. Hsu and A.D. Keedwell, Generalized complete mappings, neotields, sequenceable groups 
and block designs. II, Pacific J. Math. 117 (1985) 291-312. 
1371 A.D. Keedwell, Circuit designs and Latin squares, Ars Combinatoria 17 (1984) 79-90. 
[38] J.F. Lawless, Pairwise balanced designs and the construction of certain combinatorial systems, 
Proc. of the Second Louisiana Conf. on Combinatorics, Graph Theory, and Computing, Baton 
Rouge (1971) 353-366. 
[39] C.C. Lindner, Quasigroup identities and orthogonal arrays, in: Surveys in Combinatorics, E.K. 
Lloyd, ed., London Math. Sot. Lecture Notes Ser. 82 (Cambridge Univ. Press, 1983) 77-105. 
[40] CC. Lindner, Construction of quasigroups atisfying the identity x(xy) = yx, Canad. Math. Bull. 
14 (1971) 57-59. 
Spectra of a variety of quasigroups 49 
[41] C.C. Lindner, Identities preserved by the singular direct product, Algebra Universalis 1 (1971) 
86-89. 
[42] C.C. Lindner, Identities preserved by the singular direct product II, Algebra Universalis 2 (1972) 
113-117. 
















Sot. 29 (1971) 263-266. 
C.C. Lindner, Identities preserved by group divisible designs, unpublished manuscript. 
C.C. Lindner and E. Mendelsohn, On the conjugates of an nz X 4 orthogonal array, Discrete 
Math. 20 (1977) 123-132. 
C.C. Lindner, E. Mendelsohn, N.S. Mendelsohn and B. Walk, Orthogonal Latin square graphs, 
J. Graph Theory 3 (1979) 325-338. 
C.C. Lindner, N.S. Mendelsohn and S.R. Sun, On the construction of Schroeder quasigroups, 
Discrete Math. 32 (1980) 271-280. 
C.C. Lindner, R.C. Mullin and D.G. Hoffman, The spectra for the conjugate invariant 
subgroups of n2 x 4 orthogonal arrays, Canad. J. Math. 32 (1980) 1126-1139. 
C.C. Lindner and D. Steedly, On the number of conjugates of a quasigroup, Algebra Universalis 
5 (1975) 191-196. 
H.F. MacNeish, Euler squares, Ann. Math. 23 (1922) 221-227. 
N.S. Mendelsohn, Combinatorial designs as models of universal algebras, in: Recent Progress in 
Combinatorics (Academic Press, New York and London, 1969) 123-132. 
N.S. Mendelsohn, A natural generalization of Steiner triple systems, in: Computers in Number 
Theory, A.O.L. Atkin and B.J. Birch, eds (Academic Press, New York, 1971) 323-338. 
N.S. Mendelsohn, Perfect cyclic designs, Discrete Math. 20 (1977) 63-68. 
N.S. Mendelsohn, Algebraic construction of combinatorial designs, Proc. Conf. Algebraic 
Aspects of Combinatorics, Congressus Numerantium 13 (1975) 157-168. 
R.C. Mullin, A generalization of the singular direct product with application to skew Room 
squares, J. Combin. Theory (A) 29 (1980) 306-318. 
R.C. Mullin, P.J. Schellenberg, S.A. Vanstone and W.D. Wallis, On the existence of frames, 
Discrete Math. 37 (1981) 79-104. 
R.C. Mullin and D.R. Stinson, Pairwise balanced designs with odd block sizes exceeding 5, 
Discrete Math., to appear. 
D.A. Norton and S.K. Stein, Cycles in algebraic systems, Proc. Amer. Math. Sot. 7 (1956) 
9991004. 
[59] M.J. Pelling and D.G. Rogers, Stein quasigroups I: combinatorial aspects, Bull. Austral. Math. 
Sot. 18 (1978) 221-236. 
[60] M.J. Pelling and D.G. Rogers, Stein quasigroups II: algebraic aspects, Bull. Austral. Math. Sot. 
20 (1979) 321-334. 
[61] K.T. Phelps, Conjugate orthogonal quasigroups, J. Combin. Theory (A) 25 (1978) 117-127. 
[62] D.K. Ray-Chaudhuri and R.M. Wilson, Solution of Kirkman’s schoolgirl problem, Amer. Math. 
Sot. Symp. Pure Math. 19 (1971) 187-203. 
[63] A. Sade, Produit direct-singulier de quasigroupes orthogonaux et anti-abeliens, Ann. Sot. Sci. 
Bruxelles Ser. I 74 (1960) 91-99. 
[64] E. Seiden, A method of construction of resolvable BIBD, Sankhya (A) 25 (1963) 393-394. 
[65] S.K. Stein, On the foundations of quasigroups, Trans. Amer. Math. Sot. 85 (1957) 228- 
256. 
[66] S.K. Stein, Homogeneous quasigroups, Pacific J. Math. 14 (1964) 1091-1102. 
[67] D.R. Stinson, The equivalence of certain incomplete transversal designs and frames, Ars 
Combinatoria 22 (1986) 81-87. 
[68] D.R. Stinson and L. Zhu, On the existence of MOLS with equal-sized holes, Aequationes Math. 
33 (1987) 96-105. 
[69] D.T. Todorov, Three mutually orthogonal Latin squares of order 14, Ars Combinatoria 20 
(1985) 45-48. 
[70] R.M. Wilson, Concerning the number of mutually orthgonal Latin squares, Discrete Math. 9 
(1974) 181-198. 
50 F. E Bennett 
[71] R.M. Wilson, Constructions and uses of pairwise balanced designs, Mathematical Centre Tracts 
5.5 (1974) 18-41. 
[72] R.M. Wilson, An existence theory for paitwise balanced designs I, J. Combin. Theory (A) 13 
(1972) 220-245. 
[73] R.M. Wilson, An existence theory for pairwise balanced designs II, J. Combin. Theory (A) 13 
(1972) 246-273. 
[74] R.M. Wilson, An existence theory for pairwise balanced designs III, J. Combin. Theory (A) 18 
(1975) 71-79. 
[75] Zhang Xuebin, On the existence of (u, 4, l)-PMD, Ars Combinatoria, to appear. 
